By making use of renormalized mean-field theory, we investigate possible superconducting symmetries in the ground states of t1-t2-J1-J2 model on square lattice. The superconducting symmetries of the ground states are determined by the frustration amplitude t2/t1 and doping concentration. The phase diagram of this system in frustration-doping plane is given. The order of the phase transitions among these different superconducting symmetry states of the system is discussed.
Frustrated magnets based on transition metals have attracted much theoretical and experimental effort in the past years, a variety of exotic quantum effects 1,2,3,4 expected when competitive interactions lead a system into a frustrated state, where it is impossible to satisfy all the pair interactions simultaneously. One of the most simple yet very important systems is spin-1/2 Heisenberg model on a square lattice with competing nearest J 1 and nextnearest J 2 neighbor spin interactions. Despite its simplicity, it is not only in its own right academically interesting, but also practically provides a window for looking inside into the superconductivity mechanism. Recently found vanadium-based compounds have provided experimental realizations of J 1 -J 2 model with J 2 /J 1 ∼ 1 5, 6, 7, 8 and again have stimulated research on this charming system.
As is known, a single layer in undoped cuprate high-T c compounds are well described by a square-lattice Heisenberg model displaying long-range antiferromagnetic Néel order. The common belief is that upon doping, this long range order is destroyed and a different non-magnetic phase sets in, which, accompanied by fluctuations, turns the system into superconducting phase. One idea suggests that the effect of doping in destroying the Néel order might be accounted for by the introduction of frustration in original Heisenberg model 9 . Following this suggestion, many works had been focused on finding such phases in frustrated quantum magnets 10, 11, 12, 13 . Recently, the half-filled Hubbard model with both nearest neighbor and next-nearest-neighbor hopping term has been investigated 14 . This model in the large U limit is equivalent to J 1 -J 2 model. In that paper, variational cluster approach shows that d x 2 −y 2 -wave superconductivity can also occur at half-filling when the Hubbard system is under pressure provided that the frustration and the on-site repulsion are not too large.
However, there is another issue which is worth while to be investigated: possible superconducting symmetries of J 1 -J 2 model under doping.
At half-filling J 1 -J 2 model respectively exhibits two long-range magnetic orders in two distinct limit: a) the Néel phase in the limit of J 2 /J 1 → 0; b) the so called collinear phase 15 with ordering wave vector (π, 0) or (0, π) in the limit of J 2 /J 1 >> 1. Frustration makes the system highly degenerated in the intermediate range and may dramatically suppresses the magnetic long range order 16, 17, 18, 19, 20 . Hence together with doping, frustration may provide the system exotic superconducting symmetries over a broad range of doping and frustration.
In this work we investigate superconducting symmetry of the ground state of doped J 1 -J 2 model, i.e. t 1 -t 2 -J 1 -J 2 model. To investigate the properties of the ground state, a simple yet powerful method is the renormalized mean-field theory (RMFT) 21, 22 in which the kinetic and superexchange energies are renormalized by different doping-dependent factors g t and g s , respectively. Despite of the simplicity of this method, it can lead to semi-quantitative even quantitative explanation of some ground state properties of cuprate superconductors 21, 22, 23 . In this letter, with the help of RMFT, we show that the superconducting symmetry of the ground state varies among different types when tuning the frustration amplitude and doping concentration of the system.
Model -The Hamiltonian of the t 1 -t 2 -J 1 -J 2 model takes the form of
(1 − n i↑ n i↓ ) is the Gutzwiller projection operator 22 which removes totally the doubly occupied states. t 1 and t 2 are nearest-neighbor and next-nearestneighbor hopping amplitude. When they are all positive, the Hamiltonian represents hole doping case. The electron doping case can be achieved via particle-hole transformation, changing the sign of t 2 while keeping the sign of t 1 unchanged 24 . J 1 and J 2 are respectively the nearest-neighbor and next-nearest-neighbor antiferromagnetic coupling constants, they raise frustration in the system. We use t 1 as the energy unit and set t 1 /J 1 = 3 for conventional reason 25, 26 , J 2 /J 1 = (t 2 /t 1 ) 2 since the superexchanges have relations of J = 4t 2 /U with hopping parameters in the large Hubbard U limit. And we take η = t 2 /t 1 as frustration amplitude.
Method -Renormalized mean-field theory. In the frame of RMFT, to investigate the ground state of the above mentioned Hamiltonian, the trial state is suggested to be a projected BCS state |Ψ = P d |Ψ 0 , where
And the projection operator is taken into account by a set of renormalized factors 27, 28, 29 , i.e. we have ψ|H|ψ = ψ 0 |H ′ |ψ 0 = ψ 0 |g t H t + g s H s |ψ 0 . In homogenous case the renormalized factors 22 g t = 2δ/(1 + δ) and g s = 4/(1 + δ) 2 . Minimize the quantity W = H ′ − µ iσ c † iσ c iσ 0 with respect to u k and υ k , and introduce two mean- Fig.1 , we get the coupled gap equations as follows
where
. These gap equations should be solved simultaneously with δ = N −1 s k ξ k /E k , the resulting ∆'s determine the symmetry of possible superconductivity.
Although the RMFT cannot provide us a true picture of the system in exact half-filling case, the symmetries of gap parameters obtained at that point will not change under small doping 21 . Thus, in order to investigate possible superconducting symmetries of the system under doping, our strategy is following: at first, we solve the gap equation at half filling, find out the possible symmetries of the mean-field parameters. These symmetry states may degenerate at half-filling. Then we switch on the doping, compare the energies of different symmetry states, we can find the true ground states for different doping level and frustration amplitude.
At half filling, energy if per site is − 3 8 g s J k E k , with the ansatz that E k of ground state energy can be written as a summation of square terms of cosine functions, after some calculation, we find that several symmetry states come out, including: (1) D xy + is ab -wave state degenerates with D xy + iD ab -wave state, both of them have ξ a,b = 0; (2) D ab + iD xy -wave state degenerates with D ab + is xy -wave state, ξ x,y = 0 in both states. Here i means that the difference between the phase φ a of ∆ a and the phase φ x of ∆ x is |φ a − φ x | = π/2, we use D τ1τ2 and s τ1τ2 to denote d-wave symmetry and s-wave symmetry on direction τ 1 and τ 2 respectively.
When changing the doping level and the frustration amplitude, these superconducting symmetries compete, and energetically, each occupies a specific region in the phase diagram, as shown in Fig.1 . In this phase diagram dashed line are boundary of the first order phase transi- tion where mean-field parameters change suddenly. The bold lines show second order phase transitions. Left picture in Fig.1 is a cartoon sketch of the lattice structure that we discuss, a and b denote the two different diagonal bond. In the following, we are going to discuss the phase diagram for positive and the negative t 2 /t 1 case in more detail.
Positive η cases. -For η < √ 0.5, as expected, although the next nearest neighbor interaction frustrates the system, it does not destroy the D-wave superconducting symmetry state with ∆ x = −∆ y and ∆ a,b = 0 for all doping level under investigation. For η > √ 0.5, pairing on diagonal links should be considered seriously.
RMFT calculation shows that when the frustration amplitude falls in the range of √ 0.5 ≤ η < √ 0.7, D xy + iD ab -wave state with |∆ x,y | > |∆ a,b | is the most energetically favored state in the small doping region. In order to show the dependence on the doping con- Fig.(a) shows mean-field parameters of Dxy +iD ab -wave state, while Fig.(b) shows that of sxy + iD ab -wave, the inset of (b) shows the phases of its pairing parameters.
centration, as an example, we take η = √ 0.6 and plot D xy + iD ab -wave parameters in Fig.2(a) . With increasing δ, ∆ a,b decreases rapidly. One can see from phase diagram Fig.1 that after δ = 0.06, D xy -wave state is energetically more favored, and there is a sudden change of ∆ a,b in this transition.
For about √ 0.8 < η < √ 1.1 in small doping level stable state is still D xy + iD ab -wave state, however, in relatively high doping level another mixed superconducting symmetry state of s xy + iD ab -wave dominates. Again, in order to illustrate the dependence on doping level, we take η = √ 0.9 and plot the parameters for D xy + iD ab symmetry and s xy + iD ab symmetry in Fig.3(a) and Fig.3(b) , respectively. Inset of Fig.3(b) shows the phases of ∆ τ in different bond directions, and clearly reflects the symmetry property of the s xy +iD ab -wave state. From this inset, we can also see that the phases of ∆ a,b is slightly away from π/2. By comparing the energies of these two different states, the calculation shows that a first order phase transition from D xy + iD ab -wave state to s xy + iD abwave state occurs when increasing the doping level δ across 0.06. When η is tinily larger than 1, in very small doping region stable state most likely is another type of D ab + iD xy -wave with |∆ a,b | > |∆ x,y |, it occupies really an extremely small area and can not be shown explicitly in our phase diagram.
In the region of √ 1.2 < η < √ 2, stable state is D abwave in small doping and will change to s xy + iD abwave state when increasing the doping level with the corresponding phase transition being second order. In Fig.2(b) we show the case of η = √ 1.5, it is clear that the parameters vary smoothly from D ab -wave type to s xy +iD ab -wave type when increasing δ. Inset of Fig.2(b) clearly shows that in s xy + iD ab -wave state phase difference of ∆ a,b is not exactly π and varies slowly with doping concentration. For very large η, it is reasonable to expect a state with d-wave pairing only on diagonal bonds, i.e. the state is D ab -wave.
Negative η case. -As in the positive η case, when |η| takes small value, roughly smaller than √ 0.5, superconducting symmetry of the system is conventional d-wave on plaquette bonds.
For − √ 0.7 < η < − √ 0.5, the D xy -wave symmetry changes into s ab + iD xy -wave state when increasing doping level with the phase transition being first order. It should be emphasized that the phase difference between ∆ x and ∆ a in the latter state is less than π/2 and decreases with increasing doping level. Fig.4(a) shows that for η = − √ 0.6, when δ > 0.16, D xy -wave state discontinuously changes to s ab + iD xy -wave state. Inset shows the phase of pairing parameters, at the critical point symmetry of superconductivity changes suddenly.
When − √ 1.5 < η < − √ 1.1, D ab -wave is the stable state in high doping level while in small doping level stable state is s xy + iD ab -wave symmetry. η = − √ 1.2 case is shown explicitly in Fig.4(b) as an example. With increasing δ pairing on diagonal bonds ∆ x,y decrease to zero rapidly and s xy + iD ab -wave state varies to D abwave smoothly through a second order phase transition. D ab -wave state occupies more range of δ when increasing |η| till |η| = √ 1.5, after that D ab is the only stable one for all doping level.
For − √ 1.1 < η < − √ 0.7, in small doping level D xy + iD ab state has more energy gain while s xy + iD ab is more stable at higher doping level. Fig.5(a) shows how parameter amplitudes varied with doping concentration at η = − √ 0.9 for best energy stable state and Fig.5(b) shows the phase changing of stable state. The sudden changes of the parameter amplitudes and phases clearly indicate that the phase transition here is first order.
Summary and discussion -In summary, we have investigated the possible superconducting symmetries of frus- trated t 1 -t 2 -J 1 -J 2 model by RMFT method. In terms of frustration amplitude t 2 /t 1 and doping concentration δ a phase diagram for possible superconducting symmetry states has been presented. We have shown that in weakly and strongly frustrated cases pure d-wave states are on plaquette or diagonal bonds, respectively. When t 1 and t 2 are comparable, pairing parameters on plaquette bonds and diagonal bonds are both finite and mixed symmetry states such as D + iD, D + is appear. Each symmetry state occupies a specific region in the phase diagram, transitions between these states are the first order or second order, the latter one corresponding to relatively large J 2 . The two kinds of time-reversal broken mixed states are consistent with those found in two-dimensional Fermi liquid with attractive interaction in both s and D channel 31 , D + is time-reversal broken state may also appear in the pseudogap phase 32 . We hope that our calculation may shed some new light on the study of mechanism of superconducting order in high-T c .
